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I. INTRODUCTION
As first demonstrated by Hong, Ou and Mandel in 1987, two incoherent and statistically independent photons can interfere with each other if their modes are mixed by a beam splitter [1, 2] . More specifically, when sending the two photons on a 50:50 beam splitter the number of coincident detection events at both output ports vanishes if the photons are indistinguishable with respect to polarization and frequency and the single photon wave packages overlap in time. Such an interference effect manifests itself in the study of photon correlations rather than in the measurement of the intensity, and results from the completely destructive interference of the corresponding two-photon quantum paths.
The two-photon Hong-Ou-Mandel effect has been implemented with various kinds of single photon sources, e.g., single photons produced via spontaneous parametric down conversion (SPDC) in nonlinear crystals [1, 2] , or using ions [3] , atoms [4, 5] and quantum dots as photon sources [6] [7] [8] . In these experiments the photons were mixed using a 50:50 beam splitter with two input and two output modes (see Fig. 1 ). Besides systems with discrete optical elements the effect has also been studied in more complex setups such as integrated photonic circuits including evanescently coupled waveguides [9] [10] [11] [12] or coupled plasmonic systems [13] [14] [15] [16] . The scheme has also been generalized to more involved network architectures with larger number of input photons [17] [18] [19] [20] [21] [22] , e.g., feeding three photons in a beam splitter arrangement or an integrated photonic device [23] [24] [25] and four photons in a fiber network or mixed by an array of unbalanced beam splitters [26, 27] . In recent years there has been particularly an increased interest in using integrated photonic waveguide structures where the waveguides are written with femtosecond lasers into solid materials or employing other methods [10, 12, [28] [29] [30] [31] [32] [33] [34] [35] , culminating in an integrated glass chip waveguide interferometer with 13 modes and three input photons [36] . However, in the mentioned generalized interferometers the number of input photons is usually much less than the number of in-and output modes. Moreover, for the integrated photonic circuits the manufacturing process still remains a challenge, even though there has been appreciable progress recently [37] . In particular, the waveguide arrays are static so that the circuit parameters can not be changed easily, i.e., for a new set of parameters a new integrated waveguide structure has to be manufactured.
In contrast to elaborate waveguide structures we discuss in this paper a very simple and versatile HongOu-Mandel interferometer where an arbitrary number of photons are fed into an equal number of input modes and coincidentally measured in the same number of output modes. In the interferometer no optical elements like beam splitters or integrated waveguide structures are used. More specifically, the interferometer relies on N photons emitted by N identical statistically independent incoherent single photon sources and measured by N detectors located in the far field. The interferometer requires only identical single photon sources and single photon detectors recording the photons in free space. As a consequence, experimental difficulties such as phase instabilities or mode mismatch are strongly reduced. Since the photons propagate in free space we can also ensure minimal losses due to absorption along the paths towards the detectors. As it turns out, due to its design, Nphoton interference is an intrinsic property of the setup, i.e., the N -photon interference has not to be engineered by any passive or active optical elements. In this sense we propose a most simple realization of the N -photon Hong-Ou-Mandel interferometer, displaying a completely destructive interference for particular detector configurations.
The paper is organized as follows. We start with a short revision of the original Hong-Ou-Mandel twophoton interference experiment in Sec. II. In Sec. III we present our free space Hong-Ou-Mandel interferometer for two input photons, displaying a completely destructive two-photon interference in correspondence with the original Hong-Ou-Mandel experiment. In Sec. IV we gen- . This means that two photons impinging on the beam splitter in mode a1 and a2 will always leave the beam splitter in the same mode, either both in mode b1 or both in mode b2, but never separately in the two modes b1 and b2 at the same time.
eralize our scheme to N input photons and demonstrate that this N -photon interferometer displays a completely destructive N -photon Hong-Ou-Mandel interference as well. In Sec. IV we present our conclusions.
II. ORIGINAL HONG-OU-MANDEL EXPERIMENT
In the original Hong-Ou-Mandel experiment [1] two incoherent photons are created via SPDC, sent in two different input modes onto a 50:50 beam splitter, and the number of two-photon coincidences is measured at the two output ports. If the photons are indistinguishable with respect to frequency, polarization and time, the number of coincidences drops to zero. The two-photon interference effect manifests itself in the coincident second order spatial intensity correlation function G (2) ( r 1 , r 2 ) at the output ports, where [38] 
One can see that in the output state no term ∝ |1, 1 is present and consequently G (2) ( r 1 , r 2 ) drops to zero. This means that both photons will always leave the beam splitter in the same mode, either both in mode b 1 or both in mode b 2 , but never separately in the two modes b 1 and b 2 at the same time. Consequently, no coincident two-photon detection events are observable at the two output modes. We stress that in the considered setup the Hong-Ou-Mandel interference effect arises from the (unitary) bosonic mode mixing by the beam splitter, as displayed by Eqs. (2) -(4). A graphical interpretation of the experiment is sketched in Fig. 1 .
III. TWO-PHOTON HONG-OU-MANDEL INTERFERENCE IN FREE SPACE A. Experimental setup
Next we investigate an experimental setup which implements the operation Eq. (2) in free space. To this end we consider the scheme sketched in Fig. 2 . Here, two identical statistically independent single photon sources are located at positions R 1 and R 2 along the y-axis, separated by a distance d assumed to be large enough that any coupling between the sources can be neglected. To simplify the calculations, we choose the origin of the coordinate system a distance d off the first source (see Fig. 2 ). The single photon emitters can be realized by, e.g., two identical 2-level atoms with upper state |e n and ground state |g n , n = 1, 2, excited initially to the upper level. Via spontaneous decay the two atoms relax into the ground state, thereby emitting each a single photon of equal polarization and frequency. Since the photons have the same wavelength λ the corresponding wave vectors have the same norm and differ only in their orientation.
In order to determine the spatial correlations between the photons in the far field of the atoms, we use two detectors placed at positions r 1 and r 2 , with | r 1 | = | r 2 | >> d, and measure the second order spatial intensity correlation function G (2) ( r 1 , r 2 ). The far field condition is vital to this scheme since it leads to a loss of "which-way" information of the individual photons: the wave vectors of the two photons pointing in the far field towards the same detector are identical and hence are associated with the same "plane wave mode". This means if one of the two photons is measured by a detector at r m , m = 1, 2 , in the far field, there is no possibility of telling by which of the two sources this recorded photon was initially produced.
B. Emission by atoms: relation between "spherical modes" and "plane wave modes"
We employ a similar approach as in [40] to illustrate how the excited atoms emit a single photon. As depicted in Fig. 3 we can describe a photon by either being in a "spherical mode" a n or being in a "plane wave mode" b m . Here, the expression "spherical mode" is used in the sense thatâ † n creates a photon in a spherical wave mode originating at R n , whereasb † m creates a photon in a plane wave mode with wave vector k m . Note that principally a two-level atom would radiate according to a three-dimensional dipole mode pattern. However, in the following we assume that the atoms and detectors are in one plane and that the atomic dipoles are oriented perpendicular to this plane. In this case the atoms emit isotropically within the detection plane and we can treat the spontaneous emission as occurring in all directions with equal probability (see Figs. 2 and 3) .
In general the evolution via spontaneous decay from a single two level atom in the excited state |e and no photons in any mode (i.e. the vacuum state) to the atom in the ground state |g and a single photon potentially in every possible mode b m can be described by
where the sum runs over all possible (i.e. an infinite number of) modes b m and the coefficients c m can be obtained from Weisskopf-Wigner theory [41] . If more than one atom is involved, the phase factors of the coefficients c nm ∝ e −i Rn· km have to be taken into account. Here, the coefficients c nm refer to a photon produced by the n-th atom at R n and populating a plane wave mode with wave vector k m . The system can thus be described by transforming the operatorsâ † n , which create one photon in a "spherical mode" at the coordinate R n , to the set of modesb † m , which create a photon in the direction of k m (see Fig. 3 )
In the following we imply the far field condition, i.e., photons emitted in the same direction by different atoms can not be distinguished and hence populate the same "plane wave mode". In this way we can achieve a mode mixing without optical elements.
In the general case there would be an infinite number of modes a n (as there is an infinite number of positions) and an infinite number of modes b m (as there is an infinite number of directions). This would correspond to an infinite number of coefficients c nm , i.e., an infinite transformation matrix {c nm }. However, as we restrict our setup to two atoms at fixed positions R 1 and R 2 , we limit the "spherical modes" to a 1 and a 2 . Also since we only consider coincidence measurements at r 1 and r 2 the same is true for the "plane wave modes", i.e., we only need to take into account the modes b 1 and b 2 , populated by the two photons before being recorded by the two detectors at r 1 and r 2 , respectively. This creates a 2 × 2 submatrix of {c nm }, where we associate the rows with the positions of the two atoms and the columns with the wave vectors pointing towards the two detectors. As we assume that all directions in which photons could be emitted by the atoms are equally probable, the absolute value of all coefficients is given by the same normalization factor c norm . Nevertheless, each coefficient is still characterized by certain relative phase factors depending on the position of the atom and the direction of the emitted photon, i.e., c nm = c norm e −i Rn· km ,
where n = 1, 2 labels the position of the photon sources and m = 1, 2 the position of the detectors. (9)).
C. Geometry of the setup, path differences and phase factors
The phase factor e −i Rn· km of Eq. (7) is due to the phase accumulated by a photon emitted from the n-th source and recorded by the m-th detector relative to a photon emitted at the origin and recorded by the same detector (see Fig. 4 ). Since the sources are located along the yaxis and separated by a distance d, the relative phase of the photons emitted by the two atoms and recorded by the m-th detector is given by
where θ m is the angle between the wave vector k m pointing towards the m-th detector and the x-axis (see Fig. 4 ). From this it is easy to see that the relative phase of each path from source n to detector m given by
Note that by changing the position of the two detectors we can thus choose any value for ∆ϕ 1 and ∆ϕ 2 between 0 and 2π (or to be exact between −k · d and k · d).
D. Two-photon Hong-Ou-Mandel interference
The phase factors of the coefficients c nm of the transformation matrix produce interferences among different quantum paths leading to a given measurement configuration for the second order correlation function G (2) ( r 1 , r 2 ). To illustrate this we consider a coincidence measurement of two photons at r 1 and r 2 , as depicted in Fig. 5 (a) . As the measurement is done in the far field we can not discriminate between the two two-photon quantum paths depicted in Fig. 5 (a) , namely source 1 emits a photon recorded at detector 1 and source 2 emits a photon recorded at detector 2, as well as, source 1 emits a photon recorded at detector 2 and source 2 emits a photon recorded at detector 1. Both two-photon quantum paths lead to the same final state, i.e., the same coincident measurement G (2) ( r 1 , r 2 ) of two photons at the two detectors. In order to calculate G (2) ( r 1 , r 2 ) we thus have to take into account the quantum mechanical superposition of these two two-photon quantum paths, i.e.,
One can easily see that for ∆ϕ 1 = 0 and ∆ϕ 2 = π the two two-photon quantum paths interfere completely destructively so that the probability of measuring a coincidence event is zero. This is the Hong-Ou-Mandel effect in free space, implemented without optical elements. It can be understood in direct analogy to the original Hong-OuMandel experiment, where the two two-photon quantum paths leading to a coincident detection of the two photons cancel each other out (see Sec. II and Fig. 5 (b) ). Note that the Hong-Ou-Mandel interference in free space only occurs at certain detector positions -a degree of freedom, which does not exist in the original experiment, where the beam splitter implements merely the fixed phase relation ∆ϕ 1 − ∆ϕ 2 = π. Note furthermore, that ∆ϕ 1 = 0 and ∆ϕ 2 = π is not the only possible detector configuration to observe G (2) ( r 1 , r 2 ) = 0. More generally, the condition ∆ϕ 1 − ∆ϕ 2 = (2j + 1)π with j ∈ Z has to be fulfilled. 
IV. N -PHOTON HONG-OU-MANDEL INTERFERENCE IN FREE SPACE
Finally, we discuss the generalization of the two-photon Hong-Ou-Mandel interferometer in free space to an Nphoton Hong-Ou-Mandel interferometer in free space with N input photons and N output photons. To this end we extend the scheme introduced in Sec. III to an arbitrary number N of sources and detectors.
A. Basic setup and measurement procedure
A sketch of the setup is shown in Fig. 6 . We consider N identical statistically independent single photon sources, equidistantly arranged along the y-axis at positions R n , n = 1, . . . , N , with equal distance d >> λ between the sources such that any interaction between the sources can be neglected. The origin of the coordinate system is assumed to be a distance d off the first source along the yaxis. As in Sec. III we imagine the single photon sources to be realized by 2-level atoms, with ground state |g n and excited state |e n , n = 1, . . . , N , where all atoms are assumed to be initially excited to the upper level. Via spontaneous emission the atoms decay into the ground state, thereby emitting each a single photon. In order to measure the N -th order spatial intensity correlation function G (N ) ( r 1 , . . . , r N ) we employ N detectors located in the far field of the sources. As before, the far field condition is vital to the scheme as it ensures the loss of "which-way" information of the individual photons.
B. Geometry of the setup, path differences and phase factors
Analogously to Sec. III, we employ the WeisskopfWigner theory [40, 41] to describe the emission of a photon by an atom via spontaneous decay. A photon produced in a "spherical mode" by the n-th atom at position R n (implemented by the operatorâ † n ) is scattered into all possible "plane wave modes" with corresponding wave vectors k m (described by the operatorb † m ), i.e., we have the transformation (see Eq. (6) and Fig. 3 )
where c nm = c norm e −i Rn· km is the coefficient of the transformation matrix {c nm }, taking into account the (relative) optical path accumulated by a photon emitted at R n and recorded at r m . As we assume that all directions in which the photons can be emitted are equally probable, the absolute value of all coefficients is given by the same real normalization factor c norm .
As the m-th detector is located in the far field, all vectors r n,m pointing from the different atoms at R n , n = 1, . . . , N , towards the same detector at r m , are aligned parallel and hence can be associated with the same "plane wave mode". This means, that if a photon is recorded by a detector at r m there is no possibility to tell from which atom the photon was initially emitted (see Sec. III). This implements the mode mixing of the photons in free space without optical elements.
As the N atoms are assumed to be equidistantly aligned along the y-axis, the phase accumulated by a photon emitted from the n-th atom at R n and recorded by the m-th detector at r m relative to a photon emitted at the origin is given by
where ∆ϕ m corresponds to the phase difference between photons scattered by adjacent atoms
Again ∆ϕ m can assume any value between 0 and 2π (or to be exact between −k · d and k · d). In this way we can rewrite the coefficients c nm of the transformation matrix as
Considering the emission of N photons by N atoms at positions R 1 , . . . , R N , implemented by the operatorŝ a † 1 , . . . ,â † N , the corresponding input state is given by
According to Eq. (11) the transformation from the "spherical modes" a n to the "plane wave modes" b m reads
where the sum runs over all possible directions m. Note that again this transformation involves principally an infinite number of "plane wave modes" b m and hence leads to an infinite transformation matrix {c nm }. However, since we only consider measurements G (N ) ( r 1 , . . . , r N ), where the N photons are recorded coincidentally by N detectors at r m , m = 1, . . . , N , the infinite transformation matrix {c nm } reduces to an N ×N submatrix, where the N rows are associated with the positions of the N sources and the N columns with the directions pointing towards the N detectors.
C. N -photon Hong-Ou-Mandel interference
We are interested in the overall probability to measure an N -photon coincidence event at the N detectors, i.e., the N -th order spatial intensity correlation function
Taking into account the transformation coefficients c nm (Eq. (14)) one can see that at certain detector positions a completely destructive interference effect can occur, depending on the phase factors ∆ϕ m . This corresponds to the N -photon Hong-Ou-Mandel interference effect, i.e., the completely destructive interference of N -photon quantum paths, in free space. Indeed, if we have a closer look at the final state of Eq. (16) we can rewrite it in the following way
where |ψ out contains all parts of the state which do not contribute to the N -photon coincidence measurement at the N detectors. Only states of the form |1, ... , 1 , where N different modes pointing towards the N different detectors are occupied by a single photon, will lead to a signal in the coincidence measurement and are grouped in the second term |ψ coinc. . Here σ stands for the permutation applied to the set of elements {1, ... , N } and the sum runs over all possible permutations, where σ(m) denotes the m-th element of a certain permutation σ. From Eqs. (17) and (18) we obtain for the coincident N -th order spatial intensity correlation function
In order to find the positions, where a completely destructive interference of the N -photon quantum paths, i.e., the N -photon Hong-Ou-Mandel dip, is observed, we must search for G (N 
where we dropped the normalization factor c norm . The task is thus to find the right phases ∆ϕ m , i.e., the right detector positions, to fulfill Eq. (20) . One of the solutions is given by
To prove that these positions actually lead to a N -photon Hong-Ou-Mandel dip we calculate the expression explicitly and find 
where we used the following properties
• all phases ∆ϕ m = 2π · m, for m = 1, do not contribute to the sum in the exponent, as e iφ+2π·j = e iφ with j ∈ Z
• for a specific m, there are (N − 1)! different permutations σ for which σ(1) = m
• according to Eq. (21), the phase ∆ϕ 1 is defined as the N -th root of unity
• the sum over all the N -th roots of unity is equal to zero (proof via geometric series).
Note that in Eq. (21) we can not drop the factor m in ∆ϕ m , although it would be possible from a mathematical point of view, since the problem is 2π-periodic. But in order to perform the experiment, we need N different "plane wave modes" as output modes. These modes are determined by the detector positions which in turn determine the phases ∆ϕ m . Since the detector positions must be physically different from each other, the phases ∆ϕ m must be different as well. A look at Eq. (13) reveals that this is not a problem, as we can choose for a given k the distance d between the sources appropriately so that k · d > 2π · N . Note that the detector configuration for the observation of the N -photon Hong-OuMandel effect given in Eq. (21) is not the only possible one. There are infinitely more sets of phases, which lead to a completely destructive interference. As an example the third order spatial intensity correlation function G (3) ( r 1 , r 2 , r 3 ) is shown in Fig. 7 , where the detector positions r m are expressed as phases ∆ϕ m as discussed in Sec. IV B. The infinite range of values for N = 3 atoms where G (3) (∆ϕ 1 , ∆ϕ 2 , ∆ϕ 3 ) = 0 is shown as a Hong-OuMandel contour in the bottom of the plot.
V. CONCLUSION
In this paper we proposed a new kind of multi-photon interferometer mixing the different modes not via a set of beam splitters or elaborate photonic circuits but merely by detecting the photons in the far field in free space. As no optical elements are employed the setup represents a most simple and natural realization of a multiphoton interferometer. We first investigated the case of two independent incoherent photons as an input state and demonstrated that the setup allows at certain detector positions to obtain a completely destructive interference in the corresponding two-photon coincidence. This is the analogue to the original Hong-Ou-Mandel experiment, however without the use of a beam splitter. Additionally, we showed that the scheme can be generalized to obtain also for an arbitrary number N of independent incoherent photons as an input state a vanishing N -photon coincidence G (N ) ( r 1 , . . . , r N ) in case of appropriate detector positions r 1 , . . . , r N , corresponding to a generalized N -photon Hong-Ou-Mandel interference effect in free space.
Note that the measurement of the generalized Nphoton Hong-Ou-Mandel interference effect in free space is implemented by use of a Hanbury Brown and Twiss type interferometer, where the intensities are coincidentally recorded by detectors at different positions in the far field of the sources and correlated. We thus have established in this paper a close connection between the Hanbury Brown and Twiss interference effect and the Hong-Ou-Mandel effect for N identical statistically independent incoherent single photons.
